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Abstract—It was proved by Joyal, Labelle and Rahman [A. Joyal, G. 
Labelle and Q. I. Rahman, On the location of zeros of polynomials, 
Canad. Math. J., Bull., 10(1967), 53-63] that if ݌ ൐ 1, then all the 
zeros of  ܲሺݖሻ ൌ 	 ௡ݖ 	൅ 	ܽ௡ିଵݖ௡ିଵ 	൅	…	൅	ܽଵݖ	 ൅	ܽ଴are contained 
in the circle |ݖ| ൑ ݇, where ݇ ൒ ݔܽ݉ 	ሺ1, |ܽ௡ିଵ|ሻ is a root of the 
equation 

ሺ|ݖ| െ |ܽ௡|ሻ௤ሺ|ݖ|௤ െ 	1ሻ െ ௤ܤ ൌ ଵି݌								,0 ൅	ିݍଵ ൌ 1, 
where 

ܤ ൌ	ቐ෍ | ௝ܽ|௣
௡ିଶ

௝ୀ଴

ቑ

భ
೛

݌								, ൐ 1. 

In this paper, we not only generalize the above result but a verity of 
interesting results can be deduced from it. 
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1. INTRODUCTION AND STATEMENT OF RESULTS 

The problem of finding out the region which contains all or a 
prescribed number of zeros of a polynomial has long history 
and dates back to the earliest days when the geometric 
representation of complex numbers was introduced into 
mathematics. Since the days of Gauss [2] and Cauchy [1], 
many mathematicians have contributed to the further growth 
of the subject. 

We first mention the following result due to Cauchy: 

Theorem A. Let ܲሺݖሻ ൌ 	∑ ௝ܽݖ௝
௡
௝ୀ଴  be a polynomial of degree 

݊. If ܯ ൌ	݉ܽݔଵஸ௝ஸ௡ ቚ
௔ೕ
௔೙
ቚ,	then all the zeros of ܲሺݖሻ lie in 

|ݖ| ൑ 1 ൅  .ܯ

As an improvement of Theorem A,Joyal, Labelle and Rahman 
[3], proved the following: 

Theorem B. If ܤ ൌ 	 ൛∑ | ௝ܽ|௣
௡ିଶ
௝ୀ଴ ൟ

భ
೛, ݌ ൐ 1	 then all the zeros 

of ܲሺݖሻ ൌ ௡ݖ	 ൅ ܽ௡ିଵݖ௡ିଵ ൅	…	൅	ܽଵݖ	 ൅	ܽ଴ are contained 
in the circle|ݖ| ൑ ݇,	 where ݇ ൒ max 	ሺ1, |ܽ௡ିଵ|ሻ is a root of 
the equation 

ሺ|ݖ| െ |ܽ௡|ሻ௤ሺ|ݖ|௤ െ 	1ሻ െ ௤ܤ ൌ ଵି݌								,0 ൅	ିݍଵ ൌ 1. 

The following result is due to Montel and Marty [4, p.107]. 

Theorem C. All the zeros of the polynomial ܲሺݖሻ ൌ 	ܽ଴ ൅
	ܽଵݖ ൅⋯൅	ܽ௡ିଵݖ௡ିଵ ൅  ௡ݖ

Lie in |ݖ| ൑ max ቀܮ, ܮ
భ
೙ቁ , where ܮ is the length of the 

polygonal line joining in the succession the points 
0, ܽ଴, ܽଵ, …	 , ܽ௡ିଵ, 1; that is 

ܮ ൌ |ܽ଴| ൅	|ܽଵ െ ܽ଴| ൅	…	൅ |ܽ௡ିଵ െ ܽ௡ିଶ| ൅	 |1 െ ܽ௡ିଵ|. 

As a generalization of Theorem A and Theorem B Mohammad 
[5], proved the following: 

Theorem D. If 0 ൏ ܽ௜ିଵ 	൑ ݇ܽ௜,	݇ ൐ 0, then all the zeros of 

ܲሺݖሻ ൌ 	ܽ଴ ൅	ܽଵݖ ൅⋯൅	ܽ௡ݖ௡ lie in |ݖ| ൑ max ቀܯ, ܯ
భ
೙ቁ , 

where 

ܯ ൌ
ሺܽ଴ ൅ ܽଵ ൅	…	ܽ௡ିଵሻ

ܽ௡
ሺ݇ െ 1ሻ ൅ ݇. 

In this paper, we first prove a more general result which not 
only improves upon Theorem C and Theorem D but also a 
variety of interesting results can be deduced from it by a fairly 
uniform procedure. 

Theorem 1. If ܲሺݖሻ ൌ 	 ௡ݖ ൅ ܽ௡ିଵݖ௡ିଵ ൅	…	൅ ܽଵݖ ൅ ܽ଴ is a 
polynomial of degree ݊, with ܴ݁	ܽ௜ ൌ ௜ܽ	݉ܫ ௜ andߙ ൌ  ௜ forߚ
݅ ൌ 0,1,2, … , ݊ െ 1, then all the zeros of ܲሺݖሻ will lie in 

|ݖ| ൑ ܴ ൌ max ቀܮ௣, ௣ܮ
భ
೙ቁ , where 

௣ܮ ൌ ሺ݊ ൅ 2ሻ
భ
೜ ൦൭෍ ଶݐଵݐ௡ି௜ାଶߙ| ൅ ଶሻݐ	ଵെݐ௡ି௜ାଵሺߙ

௡ାଶ

௜ୀଵ

െ ௡ି௜|௣൱ߙ

భ
೛

൅ ൭෍|ߚ௡ି௜ାଶݐଵݐଶ ൅ ଶሻݐ	ଵെݐ௡ି௜ାଵሺߚ
௡ାଶ

௜ୀଵ

െ ௡ି௜|௣൱ߚ

భ
೛

቏. 

ܽିଵ ൌ 	ܽିଶ ൌ 	ܽ௡ାଵ ൌ 0, ଵି݌ ൅ ଵିݍ ൌ 1and ݐଵ ൐ ଶݐ ൒ 0. 
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For ݐଵ ൌ 1 and ݐଶ ൌ 0, we obtain the following: 

Corollary 1.1. If  ܲሺݖሻ ൌ 	 ௡ݖ ൅ ܽ௡ିଵݖ௡ିଵ ൅	…൅ ܽଵݖ ൅ ܽ଴ is 
a polynomial of degree ݊, then all the zero of ܲሺݖሻ will lie n 

|ݖ| ൑ ܴ ൌ max ቀܮ௣, ௣ܮ
భ
೙ቁ , where 

௣ܮ ൌ ሺ݊ ൅ 2ሻ
భ
೜ ൦൭෍ ௡ି௜ାଵߙ| െ ௡ି௜|௣ߙ

௡ାଶ

௜ୀଵ

൱

భ
೛

൅ ൭෍|ߚ௡ି௜ାଵ െ ௡ି௜|௣ߚ
௡ାଶ

௜ୀଵ

൱

భ
೛

቏ ,

ଵି݌ ൅ ଵିݍ ൌ 1. 

Taking ߚ௜ ൌ 0, ∀	݅ and letting ݍ	 → 	∞ in Corollary 1.1 so that 

	݌ → 1 and ሺ݊ ൅ 2ሻ
భ
೜ 	→ 1, we obtain Theorem C, a result due 

to Montel and Marty. 

Next, we prove: 

Theorem 2.Let ܲሺݖሻ ൌ 	∑ ܽ௜ݖ௜
௡
௜ୀ଴  be a polynomial of degree 

݊ with ܴ݁	ܽ௜ ൌ ௜ܽ	݉ܫ ௜ andߙ ൌ ݅ ௜ forߚ ൌ 0,1,2,… , ݊, such 
that for some ݐଵ ൐ ଶݐ ൒ 0 with 

ܽ௜ݐଵݐଶ ൅ ܽ௜ିଵሺݐଵ െ ଶሻݐ െ ܽ௜ିଶ ൒ 0,				݅
ൌ 1, 2, … , ݊ ൅ 1,						ܽିଵ ൌ ܽିଶ ൌ ܽ௡ାଵ ൌ 0, 

then all the zeros of ܲሺݖሻ will lie in |ݖ| ൑ max ቀܯ,ܯ
భ
೙ቁ , 

where 

ܯ

ൌ
ሺݐଵ െ 1ሻሺݐଶ ൅ 1ሻ∑ ሺߙ௜ ൅ ௜ሻߚ ൅ ሺݐଶሺݐଵ െ 1ሻ ൅ ௡ߙଵሻሺݐ ൅ ௡ሻߚ

௡ିଵ
௜ୀ଴

|ܽ௡|
. 

Forݐଶ ൌ 0, we obtain the following result: 

Corollary 1.2.Let ܲሺݖሻ ൌ 	∑ ܽ௜ݖ௜
௡
௜ୀ଴  be a polynomial of 

degree ݊ with ܴ݁	ܽ௜ ൌ ௜ܽ	݉ܫ ௜ andߙ ൌ ݅ ௜ forߚ ൌ 0,1,2, … , ݊, 
such that for some ݐଵ ൐ 0 with 

ܽ௜ିଵݐଵ െ ܽ௜ିଶ ൒ 0,				݅ ൌ 1, 2, … , ݊ ൅ 1,						ܽିଵ ൌ ܽିଶ ൌ ܽ௡ାଵ
ൌ 0, 

then all the zeros of ܲሺݖሻ will lie in |ݖ| ൑ max ቀܯ,ܯ
భ
೙ቁ , 

where 

ܯ ൌ
ሺݐଵ െ 1ሻ∑ ሺߙ௜ ൅ ௜ሻߚ ൅ ௡ߙଵሺݐ ൅ ௡ሻߚ

௡ିଵ
௜ୀ଴

|ܽ௡|
. 

For ݐଵ ൌ ݇	 and ߚ௜ ൌ 0	∀	݅we get Theorem D, result due to 
Mohammad. Further for ݐଵ ൌ 1, we get Enestrom Kakeya 
Theorem. 

2. PROOF OF THEOREMS 

Proof of Theorem 1. Consider 

ሻݖሺܨ ൌ ሺݐଶ ൅ ଵݐሻሺݖ െ  .ሻݖሻܲሺݖ

	ൌ ሼݐଵݐଶ ൅ ሺݐଵ െ ݖଶሻݐ െ ௡ݖሼ	ଶሽݖ

൅	ሾߙ௡ିଵݖ௡ିଵ ൅ ⋯൅ ݖଵߙ ൅  ଴ሿߙ

																																																								൅	݅ሾߚ௡ିଵݖ௡ିଵ ൅ ⋯	൅ ݖଵߚ
൅  .଴ሿሽߚ

ൌ െݖ௡ାଶ ൅ ሾሼሺݐଵ െ ଶሻݐ െ ௡ାଵݖ௡ିଵሽߙ 	
൅ ሼݐଵݐଶ 	൅ ଵݐ௡ିଵሺߙ	 െ ଶሻݐ െ ௡ݖ௡ିଶሽߙ ൅⋯ 

൅ሼߙଶݐଵݐଶ ൅ ଵݐଵሺߙ െ ଶሻݐ െ ଶݖ଴ሽߙ ൅ ሼߙଵݐଵݐଶ ൅ ଵݐ଴ሺߙ െ 	ݖଶሻሽݐ
൅  ଶሿݐଵݐ଴ߙ

																					൅݅ሾሼሺݐଵ െ ଶሻݐ െ ௡ାଵݖ௡ିଵሽߚ 	
൅ ሼݐଵݐଶ 	൅	ߚ௡ିଵሺݐଵ െ ଶሻݐ െ ௡ݖ௡ିଶሽߚ ൅ ⋯ 

																								൅	ሼߚଶݐଵݐଶ ൅ ଵݐଵሺߚ െ ଶሻݐ െ ଶݖ଴ሽߚ

൅ ሼߚଵݐଵݐଶ ൅ ଵݐ଴ሺߚ െ 	ݖଶሻሽݐ ൅  .ଶሿݐଵݐ଴ߚ

Therefore 

|ሻݖሺܨ|

൒ ௡ାଶ|ݖ| ൝1 െ ൭෍
ଶݐଵݐ௡ି௜ାଶߙ| ൅ ଵݐ௡ି௜ାଵሺߙ െ ଶሻݐ െ |௡ି௜ߙ

௜|ݖ|

௡ାଶ

௜ୀଵ

൱ 

												൅൭෍
ଶݐଵݐ௡ି௜ାଶߚ| ൅ ଵݐ௡ି௜ାଵሺߚ െ ଶሻݐ െ |௡ି௜ߚ

௜|ݖ|

௡ାଶ

௜ୀଵ

൱ൡ. 

																																							

൒ ௡ାଶ|ݖ| ൞1

െ ሺ݊ ൅ 2ሻ
భ
೜ ൭෍

ଶݐଵݐ௡ି௜ାଶߙ| ൅ ଵݐ௡ି௜ାଵሺߙ െ ଶሻݐ െ ௡ି௜|௣ߙ

௜௣|ݖ|

௡ାଶ

௜ୀଵ

൱

భ
೛

 

		൅ ൭෍
ଶݐଵݐ௡ି௜ାଶߚ| ൅ ଵݐ௡ି௜ାଵሺߚ െ ଶሻݐ െ ௡ି௜|௣ߚ

௜௣|ݖ|

௡ାଶ

௜ୀଵ

൱

భ
೛

൪ൢ.		ሺ1.2.1ሻ 

If ܮ௣ ൒ 1,max ቀܮ௣, ௉ܮ	
భ
೙ቁ ൌ |ݖ| ௣.Letܮ ൒ 1, then 

ଵ

|௭|೔೛
൑

ଵ

|௭|೛
ሺ݅ ൌ 1, 2,… , ݊ ൅ 2ሻ. Hence inequality (1.2.1) implies that 

if |ݖ| ൐  ௣, thenܮ

|ሻݖሺܨ| ൒ ௡ାଶ|ݖ| ቐ1

െ
ሺ݊ ൅ 2ሻ

భ
೜

|ݖ|
൦	൭෍|ߙ௡ି௜ାଶݐଵݐଶ

௡ାଶ

௜ୀଵ

൅ ଵݐ௡ି௜ାଵሺߙ െ ଶሻݐ െ ௡ି௜|௣൱ߙ

భ
೛
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																																																		൅൭෍|ߚ௡ି௜ାଶݐଵݐଶ

௡ାଶ

௜ୀଵ

൅ ଵݐ௡ି௜ାଵሺߚ െ ଶሻݐ െ ௡ି௜|௣൱ߚ

భ
೛

቏ൢ. 

ൌ ௡ାଶ|ݖ| ൬1

െ
௣ܮ
|ݖ|
൰.																																																																																				 

൐ 0.																																																																																																																	 

Again If ܮ௣ ൑ 1,max ቀܮ௣, ௉ܮ
భ
೙ቁ ൌ ௉ܮ

భ
೙.  Let |ݖ| ൑ 1, then 

ଵ

|௭|೔೛
൑ ଵ

|௭|೙೛
ሺ݅ ൌ 1, 2,… , ݊ ൅ 2ሻ. Hence by inequality (1.2.1), 

if|ݖ| ൐ ௉ܮ
భ
೙, then 

|ሻݖሺܨ| ൒ ௡ାଶ|ݖ| ቐ1

െ
ሺ݊ ൅ 2ሻ

భ
೜

௡|ݖ|
൦൭෍|ߙ௡ି௜ାଶݐଵݐଶ

௡ାଶ

௜ୀଵ

൅ ଵݐ௡ି௜ାଵሺߙ െ ଶሻݐ െ ௡ି௜|௣൱ߙ

భ
೛

 

																																																		൅൭෍|ߚ௡ି௜ାଶݐଵݐଶ

௡ାଶ

௜ୀଵ

൅ ଵݐ௡ି௜ାଵሺߚ െ ଶሻݐ െ ௡ି௜|௣൱ߚ

భ
೛

቏ൢ. 

ൌ ௡ାଶ|ݖ| ൬1

െ
௣ܮ
௡|ݖ|

൰.																																																																																				 

൐ 0.																																																																																																																	 

Hence ܨሺݖሻ does not vanish for |ݖ| ൐ max ቀܮ௣, ௉ܮ
భ
೙ቁ. 

Therefore all zeros of ܨሺݖሻ will lie in 

|ݖ| ൑ ܴ ൌ max ቀܮ௣, ௉ܮ
భ
೙ቁ. Since all the zeros of ܲሺݖሻ are also 

the zeros of ܨሺݖሻ the result follows. 

Proof of Theorem 2. Consider 

ሻݖሺܨ ൌ ሺݐଶ ൅ ଵݐሻሺݖ െ 	.ሻݖሻܲሺݖ

ൌ ሼݐଵݐଶ ൅ ሺݐଵ െ ݖଶሻݐ െ ௡ݖሼܽ௡	ଶሽݖ

൅	ሾߙ௡ିଵݖ௡ିଵ ൅ ⋯൅ ݖଵߙ ൅ 	଴ሿߙ

൅	݅ሾߚ௡ିଵݖ௡ିଵ ൅ ⋯	൅ ݖଵߚ ൅ 	.଴ሿሽߚ

ൌ െܽ௡ݖ௡ାଶ ൅ ሾሼሺݐଵ െ ଶሻݐ െ ௡ାଵݖ௡ିଵሽߙ 	
൅ ሼݐଵݐଶ 	൅ ଵݐ௡ିଵሺߙ	 െ ଶሻݐ െ ௡ݖ௡ିଶሽߙ ൅⋯	

൅ሼߙଶݐଵݐଶ ൅ ଵݐଵሺߙ െ ଶሻݐ െ ଶݖ଴ሽߙ ൅ ሼߙଵݐଵݐଶ ൅ ଵݐ଴ሺߙ െ 	ݖଶሻሽݐ
൅ 	ଶሿݐଵݐ଴ߙ

൅݅ሾሼሺݐଵ െ ଶሻݐ െ ௡ାଵݖ௡ିଵሽߚ 	
൅ ሼݐଵݐଶ 	൅	ߚ௡ିଵሺݐଵ െ ଶሻݐ െ ௡ݖ௡ିଶሽߚ ൅ ⋯	

൅	ሼߚଶݐଵݐଶ ൅ ଵݐଵሺߚ െ ଶሻݐ െ ଶݖ଴ሽߚ ൅ ሼߚଵݐଵݐଶ ൅ ଵݐ଴ሺߚ െ 	ݖଶሻሽݐ
൅ 	.ଶሿݐଵݐ଴ߚ

Applying	Theorem	1	to	the	polynomialிሺ௭ሻ
௔೙
,	we	have	all	the	

zeros	of	ܲሺݖሻ	lie	in	|ݖ| ൑ max ቀܮଵ, ଵܮ
భ
೙ቁ,	

ଵܮ ൌ
∑ ଶݐଵݐ௜ߙ| ൅ ଵݐ௜ିଵሺߙ െ ଶሻݐ െ |௜ିଶߙ
௡ାଵ
௜ୀ଴

|ܽ௡|

൅	
∑ ଶݐଵݐ௜ߚ| ൅ ଵݐ௜ିଵሺߚ െ ଶሻݐ െ |௜ିଶߚ
௡ାଵ
௜ୀ଴

|ܽ௡|
.	

ൌ

଴ߙଶሺݐଵݐ ൅ ଵߙ ൅	…൅ ௡ሻߙ ൅ ሺݐଵ െ ଴ߙଶሻሺݐ ൅ ଵߙ ൅	…൅ ௡ሻߙ െ
ሺߙ଴ ൅ ଵߙ ൅	…൅ ௡ିଵሻߙ

|ܽ௡|
	

	

൅	

଴ߚଶሺݐଵݐ ൅ ଵߚ ൅	…൅ ௡ሻߚ ൅ ሺݐଵ െ ଴ߚଶሻሺݐ ൅ ଵߚ ൅	…൅ ௡ሻߚ െ
ሺߚ଴ ൅ ଵߚ ൅	…൅ ௡ିଵሻߚ

|ܽ௡|
.	

	

ൌ
ሺݐଵ െ 1ሻሺݐଶ ൅ 1ሻ∑ ሺߙ௜ ൅ ௜ሻߚ ൅ ሺݐଶሺݐଵ െ 1ሻ ൅ ௡ߙଵሻሺݐ ൅ ௡ሻߚ

௡ିଵ
௜ୀ଴

|ܽ௡|
.	

ൌ 	.ܯ

This	completes	the	proof.	
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